The scattering matrix was measured for a flat microwave cavity with classically chaotic dynamics. The system can be perturbed by small changes of the geometry. We define the ''scattering fidelity'' in terms of parametric correlation functions of scattering matrix elements. In chaotic systems and for weak coupling, the scattering fidelity approaches the fidelity of the closed system. Without free parameters, the experimental results agree with random matrix theory in a wide range of perturbation strengths, reaching from the perturbative to the Fermi golden rule regime. The stability of quantum motion has been a topic of increasing interest in recent years. In Ref.
The stability of quantum motion has been a topic of increasing interest in recent years. In Ref. [1] , Peres proposed to consider the time evolution of wave packets governed by two slightly different Hamiltonians. Starting from the same initial state, their overlap provides a natural measure for the stability of the quantum evolution. As ''fidelity'' and ''quantum Loschmidt echo,'' this quantity has since been investigated extensively (see Ref. [2] , and references therein). Nowadays, it has become a standard benchmark for the reliability of quantum information processing [3] . Following Ref. [2] , one may define fidelity as Ft jftj 2 and fidelity amplitude as ft h 0jU y tU 0 tj 0i;
where the unitary operators U 0 t and Ut describe, respectively, the perturbed and unperturbed time evolution of an arbitrary initial state 0. Depending on the strength of the perturbation, one can discern three regimes. In the perturbative regime, where time-independent perturbation theory can be applied, the decay of the fidelity is Gaussian. For larger perturbations, a crossover to exponential decay is observed, with a decay constant obtained from Fermi's golden rule [4, 5] . For very strong perturbations, the decay constant saturates at the classical Lyapunov exponent [6] .
Since the first spin-echo experiment by Hahn [7] , echo experiments have been performed with many different quantum and classical wave systems (e.g., Refs. [8, 9] ). However, wave functions are usually not accessible to experiments, and only some reduced information is available, such as the nuclear induction averaged over the probe in a magnetic resonance experiment [10, 11] or the transmission between two antennas in a microwave or ultrasound experiment [12 -14] .
Here we report on the experimental measurement of fidelity decay in a flat electromagnetic cavity, using the equivalence of the Helmholtz and the stationary Schrödinger equation [15] . Instead of following the evolution of wave packets, we measure stationary spectra of scattering matrix elements, separately, for the perturbed and the unperturbed system. Then, for a given scattering matrix element, we compute the Fourier transform of the cross-correlation function between the two spectra. After an appropriate normalization, this defines the scattering fidelity amplitude. Averaging this quantity over a large number of uniformly distributed antennas with small transmission yields the standard fidelity amplitude. Yet, for integrable systems, this may still lead to system specific results. For chaotic systems, by contrast, all antenna positions become equivalent and measurements for a few of them are sufficient. This statement is made more precise in Ref. [16] . Its validity is supported by our experimental results, which agree with the universal prediction of random matrix theory [2, 17] .
Our microwave experiments are adequately described by the statistical scattering theory [15, 18] , if absorption is taken into account [19] . The scattering matrix for a billiard with two antennas can be written as:
Here H eff H int ÿ i=2VV y is the effective Hamiltonian of the open system and H int is the Hamiltonian of the closed billiard. The column vectors of V, denoted by V a , contain the information on the coupling to the antennas at positionsr a . For antenna diameters small compared to the wavelength, the coefficients V ja are proportional to j r a , the wave functions of the closed system at the antenna positions.
Consider the cross-correlation function between an S-matrix element of the perturbed and the unperturbed system in the time domain:
where S 0 ab E is given by Eq. (2), but with H int replaced by H 0 int . The brackets denote an energy window and/or ensemble average. Note thatĈS ab ; S 0 ab t describes a kind of echo dynamics, which is similar to the quantum echo defined in Eq. (1), but decays even without any perturbation. We therefore use the autocorrelation function for a heuristic normalization and define the scattering fidelity amplitude as
Reflection and transmission measurements have been performed in a flat microwave cavity, with top and bottom plates parallel to each other [20] . The cavity is quasi-twodimensional for frequencies < c=2h, where h is the height of the billiard. The billiard is shown in the inset in boundary. The perturbation of the system was achieved by varying the length L in steps of l n 0:2 mm, with n 1-10. The change of area and surface due to the shift of the billiard wall was taken into account by unfolding the spectra to a mean level distance of one. The frequency window of the Fourier transforms was 1 GHz wide, and a Welch filter was applied. In this range, the antenna coupling and the wall absorption are approximately constant. We compare the experimental results with the random matrix prediction
This expression is obtained by exponentiation of the linearresponse result, thus incorporating the known behavior in both the perturbative and the Fermi golden rule regimes [17] . Here is the perturbation strength, and b 2 t is the two-point form factor for the Gaussian orthogonal ensemble. We use dimensionless units, where the Heisenberg time t H @= is equal to one and denotes the mean level spacing. Figure 1 shows on a logarithmic scale the crosscorrelation functionĈS For the frequency range shown in Fig. 1 , the perturbation strength was determined directly from the measured spectra via the variance of the level velocities. The dashed curve in Fig. 1 is a product of the theoretical autocorrelation function and the fidelity amplitude [Eq. (5)] of the closed system. The experimental result for the crosscorrelation function [Eq. (3)] agrees perfectly over 6 orders of magnitude with the linear-response expression without any free parameter. This justifies our definition of the scattering fidelity amplitude f ab t in Eq. (4). Figure 2 shows f ab t, computed from the experimental cross-and autocorrelation functions according to Eq. (4). There are two advantages for using the experimental and not the theoretical autocorrelation function: The computed quantity does not depend on theoretical assumptions, and the influence of nongeneric features, visible in the correlation functions, is reduced.
We now study the dependence of the fidelity decay on the perturbation strength. In our experiment, varies from 0:01 for n 1 and 3-4 GHz up to 0:5 for n 10 and 17-18 GHz. Figure 3 shows the scattering fidelity amplitude for three different frequency windows. Here has been fitted to the experimental curves, as its determination from the level dynamics is time consuming and for strong perturbations not always feasible. To improve statistics, experimental results for f 11 , f 22 , and f 12 have been superimposed.
For the random matrix model, one expects a transition from linear to quadratic decay near the Heisenberg time. In the perturbative regime, the linear term in the exponential is still close to 1, and we observe Gaussian decay of the fidelity amplitude, as seen in Fig. 3(a) . With increasing perturbation strength, the linear term becomes more pronounced, leading to the Fermi golden rule regime [4, 5] . The (exponentiated) linear-response formula (5) agrees very well with experiment throughout the range. Recently, an exact solution for the random matrix model proposed in Ref. [17] has been obtained using supersymmetry techniques [21] . This result is shown as dashed lines in Fig. 3 . For the accessible perturbation strengths, the experiment does not allow one to distinguish between the linear response and the exact result.
In billiard systems, the parameter variation is not due to a change of the Hamiltonian but of the boundary condition. It was shown in chapter 5 of Ref. [15] that both situations are equivalent. For the case of a parameter variation in the billiard due to a shift of a straight wall, the matrix element of the equivalent perturbation reads
where l is the shift of the wall (in the x direction) and B is the length of the shifted wall. The perturbation strength according to the random matrix model in Ref. [17] is given by the variance of the off-diagonal matrix elements:
Using Berry's conjecture of the superposition of plane waves [22] , we can derive for large wave numbers k:
In Ref. [23] , the same expression has been obtained using periodic orbit theory and the ergodicity assumption. Figure 4 shows the experimental perturbation strength 2 (a) as a function of the shift l of the billiard wall for three different frequency regimes and (b) as a function of the frequency, for three different shifts. We observe excellent agreement with the scaling 2 / l 2 3 predicted in Eq. (8) . This can be used to average all experimental data as a function of the scaled variable 4 2 2 Ct, thus reducing the fluctuations almost completely [16] . In spite of the correct scaling, the experimental prefactor is about 3 times smaller than predicted. In cases where we determined the variance of level velocities directly from the measured spectra, we found the same discrepancy. The deviation is caused by the fact that we are far from the semiclassical limit, for which Eq. (8) was derived. Additional numerical studies for the Sinai billiard by Schanz [24] substantiate this explanation.
We have shown that the fidelity amplitude f ab t of scattering matrix elements S ab is an easily accessible quantity. In our experiment, it approximates the ordinary fidelity amplitude ft. The relevant parameters are well controlled. This enabled us to verify the theoretical results for fidelity decay covering the range from the perturbative to the Fermi golden rule regime without any free parameter. For strong perturbations, the exact solutions of random matrix theory predict a revival of the fidelity amplitude at the Heisenberg time, whereas semiclassics predicts an exponential decay with the Lyapunov exponent up to the Ehrenfest time [6] . It remains an open question whether these features can be verified in a future microwave experiment.
T 2 as a function of the frequency for l 0:2 (stars), 0.6 (diamonds), and 2.0 mm (triangles). The slope of the straight lines is 3.
